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@In a p-wave Fermi superfluid suffering from the nonmagnetic impurity scatterings, a coefficient of
a gradient term becomes divergent upon cooling. Consequences of this divergent rigidity in the stable
vortices in the B phase in globally isotropic aerogel are considered where the ”impurity scattering”
events are brought by the aerogel structure. For a moderately strong ”impurity scatterings”, the
superfluid transition line Tc(P ) has a quantum critical point at a low but finite pressure. We
find that, with decreasing Tc via the lowering of the pressure, the distance between the half cores
composing the core of the nonaxisymmetric double-core vortex which is stable at lower pressures
grows as a result of the rigidity diverging at lowering temperature. The obtained result is compared
with the elongation of the half core pair arising from the Fermi-liquid correction.
PACS numbers:
I. INRODUCTION
Study of superfluid 3He in aerogel has begun with
much interest in how the pairing state is affected by the
”impurity scattering” events stemming from the struc-
ture of aerogel which is a porous material [1]. It has been
clarified that, when the scattering events due to the aero-
gel has a global anisotropy, pairing states to be realized
may be different from those in the pure bulk liquid [2].
In contrast, in the case of liquid 3He in aerogels with no
global anisotropy, it is believed at present that the only
pairing state to be realized in equilibrium is the B phase
which is the ground state in the weak coupling approxi-
mation valid at lower pressures [1]. Although the pairing
state to be realized is conventional, it is unclear whether
the resulting excitation remains conventional and unaf-
fected by the impurity scatterings.
It is well known that the impurity scattering is relevant
to the p-wave paired Fermi superfluid state and dimin-
ishes the superfluid transition temperature Tc. In the
case of the liquid 3He, the resulting pressure-dependent
transition curve Tc(P ) has a quantum critical pressure Pc
(> 0) [3]. The resulting gradient term of the Ginzburg-
Landau (GL) free energy close to Pc is found to have a
|logT |-divergent coefficient [4]. This |logT |-dependence
in the gradient term is a consequence of the cancellation
between the relaxation rate due to the impurity scatter-
ing and the impurity-induced vertex correction and has
the same origin as that in the mass term in the s-wave
pairing case leading to the absence of any impurity effect
on Tc there [5]. It will be valuable to examine a conse-
quence of this divergent rigidity in the vortex solution in
B-phase.
In this work, the stable vortex solution in the super-
fluid 3He B phase under the ”impurity scattering” mod-
elling the system in the globally isotropic aerogel is ex-
amined at low pressures. Since we focus on the region
close to Tc(P ) at lower pressures, throughout this work
we use the weak-coupling approximation in which the
stable vortex is the nonaxisymmetric or the double-core
one. Performing the direct 2D numerical computation,
the temperature dependence of the core structure of the
double-core vortex will be examined in the Ginzburg-
Landau (GL) approach [6]. It is found that the rigidity
growing upon cooling enhances the distance between the
half cores composing the double-core vortex and thus.
makes the vortex core more anisotropic. It has been
pointed out in the quasiclassical approach [7] that the
Fermi-liquid correction neglected in the conventional GL
approach will also enhance the vortex core anisotropy.
The Fermi-liquid correction to the gradient term formu-
lated in the GL approach elsewhere [8] is also found to
enhance the size of the half core pair. Therefore, the
present disorder-induced mechanism which stabilizes the
double-core vortex but is effective even close to Tc is in
essence different from that due to the Fermi-liquid cor-
rection.
This paper is organized as follows. In sec.2, the model
and the details of our analysis are explained, and the
obtained numerical results are discussed in sec.3. The
content of the present work is summarized in sec.4.
II. MODEL
The starting model Hamiltonian of our analysis in
this work is the mean field BCS Hamiltonian with the
momentum-independent impurity scattering term
Himp =
∫
d3r
∑
σ
ψˆ†σ(r)u(r) ψˆσ(r) (1)
with u(r) = 0 and
|uk|2 = 1
2piN(0)τo
, (2)
where the overbar denotes the random average, N(0) is
the density of states per spin on the Fermi surface in
the normal state, τo is the relaxation time, and ψˆ is
2FIG. 1: Diagrammatic representation of the impurity-
scattering induced vertex correction to the pairing process.
Each solid line with an arrow denotes the quasiparticle
Green’s function, the double line denotes the pair-field, and
the thin line with a cross denotes the impurity scattering
strength occurring after the random-average.
the fermion operator. The quasiparticle Green’s function
takes the form
Gε(p) =
1
i ε˜− ξp , (3)
where ε˜ = ε + sgn(ε)/(2τo), and ε is a fermionic Mat-
subara frequency, and sgn(ε) = ε/|ε|. Further, we need
to incorporate the impurity scattering-induced correction
to the pairing vertex (see Fig.1) to construct the gradi-
ent terms of the GL free energy which we use as a tool
to examine a single-vortex solution. In the present case
where the scattering event is isotropic, the pairing vertex
function Γi(ε, pˆ,q) satisfying the relation
Γj(ε, pˆ,q) = pˆj +
1
2piN(0)τo
∫
p′
Γj(ε, pˆ′,q)
× Gε(p′ + q/2)G−ε(−p′ + q/2) (4)
according to Fig.1 has the solution of the form
Γj = pˆj − isgn(ε)vFqj B0 (5)
up to the lowest order in the external wavevector q, where
vF is the Fermi velocity, and pˆ is the unit vector of p.
By carrying out the p′-integral, the second term of r.h.s.
of eq.(4) becomes
1
2|ε˜|τo
〈
Γj(ε, pˆ
′,q)
(
1− isgn(ε)vF pˆ
′ · q
2|ε˜|
)〉
. (6)
where 〈 〉 denotes the angle average over the Fermi sur-
face. Then, B0 becomes
B0 =
〈p˜2z〉
4|ε˜ε|τo =
1
6|ε|(1 + 2τo|ε|) . (7)
The behaviorB0 ∝ |ε|−1 implies cancellation between the
selfenergy and the vertex correction due to the ”impurity
scattering”. In the conventional s-wave paired super-
conductor, a similar cancellation occurs in the quadratic
mass term of the GL free energy and leads to the cel-
ebrated argument of the impurity-independence of the
mean field superconducting transition temperature [5].
It was previously argued [4] that this cancellation in the
gradient term affects the fluctuation conductivity close
to a quantum critical point of a p-wave paired supercon-
ducting transition.
Using the vertex correction derived above, the
quadratic terms of the GL free energy to be used in our
numerical work are obtained through the expression
F2 =
∑
q
[
N(0)
3
(
ln
(
T
Tc0
)
+ T
∑
ε
pi
|ε|
)
δi,j − T
∑
ε
∫
p
pˆiΓj(ε,p,q)Gε(p+ q/2)G−ε(−p+ q/2)
]
A∗µ,i(q)Aµ,j(q). (8)
Performing the p-integral, the resulting weak-coupling
GL free energy including the quartic terms takes the form
F =
∫
r
(f2 + f4)
f4 = β1|AµiAµi|2 + β2(AµiA∗µi)2 + β3A∗µiA∗νiAµjAνj
+ β4A
∗
µiAνiA
∗
νjAµj + β5A
∗
µiAνiAνjA
∗
µj ,
f2 = αAµiA
∗
µi + 2K1∂iAµi∂jA
∗
µj +K2∂iAµj∂iA
∗
µj .(9)
Here, the coefficients Kn are expressed as
K1 = K2 − 1
36
(
vF
2piT
)2[
8(2piτT )2
(
ψ(0)(1/2)
− ψ(0)(y)
)
+ 4(2piτT )ψ(1)(y)− ψ(2)(y)
]
K2 = − 1
120
(
vF
2piT
)2
ψ(2)(y),
(10)
in the representation of the center-of-mass coordinate
of Cooper-pairs, where y = 1/2+1/(4piτ0T ), and ψ
(n)(x)
denotes the n-times derivative of the di-gamma function
ψ(0)(x) = const −∑n≥0(n + x)−1. The presence of the
3 O
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FIG. 2: Schematic figure expressing the structure in the x-y
plane of a half-core pair expressed in the ”London limit”. The
angle variables φ± used in eq.(11) are indicated.
ψ(0)(1/2) − ψ(0)(y) term in the expression of K1 leads
to the |logT |-divergence of this coefficient. On the other
hand, regarding α and the coefficients in F4, the same
expressions as those in Ref.[2] will be used by setting the
anisotropy parameter δu to be zero.
Strictly speaking, the |logT |-divergence of K1 should
be cut off by higher order spatial-gradients or the
wavenumber ∼ (|α(T = 0)|/K2)1/2 measuring the dis-
tance from the quantum critical pressure at T = 0. Note
that the present GL analysis is originally justified at least
close to the Tc(P )-curve. Thus, it is possible that some
of our results taken at low enough temperatures will not
be quantitatively sufficient.
III. NUMERICAL RESULTS
To study the stability of the double-core vortex struc-
ture of the B phase in the disordered media, we have
numerically solved the variational equations for the GL
free energy, eq.(9). As the numerical method, we
have followed the two-dimensional analysis developed by
Thuneberg [6, 8]. To make the convergence of com-
putation better, the ”London” representation [9] of the
double-core structure will be used as the initial condition
of our numerical analysis:
Aµ,j = exp(iΦ(a))[xˆµmˆj + yˆµnˆj + zˆµ(mˆ× nˆ)j ], (11)
where Φ(a) = (φ++φ−)/2, φ± = tan
−1(y/(x∓a)), mˆj =
xˆjcos[(φ+ − φ−)/2]− yˆjsin[(φ+ − φ−)/2], nˆj = (zˆ × mˆ)j ,
and zˆ is the direction parallel to the vortex lines. Figure
2 indicates the implication of the phase variables φ±.
Equation (11) may be rewritten in the form
Aµ,j = exp(iφ+)(eˆ−)µ(eˆ+)j + exp(iφ−)(eˆ+)µ(eˆ−)j
+ exp(iΦ(a))zˆµzˆj, (12)
which can be regarded as an extension of a HQV pair
represented in the chiral basis in the A phase [8, 10],
where eˆ± = (xˆ± iˆyˆ)/
√
2. By assuming a two-fold mirror
symmetry of the expected structure of the vortex with
its center at the origin x = y = 0, we have performed the
numerical analysis only in x > 0 and y > 0. Further, the
energy F , each component of the order parameter Aµ,j ,
and the coordinate r will be represented hereafter in the
scale transformation
A˜ =
A
∆B
x˜ =
x
ξ
F˜ =
F
6β12 + 2β345
, (13)
where ∆B = [|α|/(12β12 + 4β345)]1/2 is the amplitude
of the orderparameter in the bulk B phase, and ξ =
(K2/|α|)1/2 is the corresponding coherence length defined
based on the fact thatK1 = K2 in the bulk B phase in the
weak-coupling approach. Further, the system size used
in our numerical analysis is 60×60 in the unit mentioned
above, and the grid size is 0.5 in the same unit.
By numerically solving the variational equations, the
resulting A˜ will be substituted into F˜ , and the two-
dimensional spatial integrals will be performed over the
system size L under the assumption of a straight vor-
tex line extending along the remaining direction, z-
axis. The resulting vortex energy consists of the two
L-dependent terms, the bulk energy term ∝ L and the
logL-contribution arising from the gradient term, and a
constant term sensitive to the details of the vortex core.
Since we focus on an energy difference between two vor-
tices, the numerical results will be presented in a way
subtracting the two L-dependent terms.
First, the so-called o-vortex with the normal core, the
v-vortex with the A-phase and β phase components in its
core, and the nonaxisymmetric or the double-core vortex
in the bulk B phase will be discussed which were obtained
by using the GL free energy, eq. (9), with τ−1 = 0.
In the case of the bulk B phase and when taken in the
unit of eq.(13), the temperature does not become a pa-
rameter specifying the vortex structure. The resulting
core structures of the three types of vortices are shown
in Fig.3 and essentially coincide with the corresponding
results in previous works [6]. In fact, as Fig.4 shows, the
double-core vortex consisting of a half core pair with the
separation a˜ = 4 becomes the structure with the low-
est energy in the weak-coupling approximation. Here,
F˜ denotes F˜ (a˜) = F (a˜)−FvFo−Fv expressed in terms of the en-
ergy values Fo, Fv, F (a˜) of the o-vortex, the v-vortex, and
the double-core one with the half-core separation a˜. The
double-core vortex with a = 0 is essentially the same as
the o-vortex which is never minimized in energy. Fur-
ther, the v-vortex always has a lower energy than that
of the o-vortex. Thus, a negative F˜ at some a indicates
that the double-core vortex has the lowest energy at the
same a.
As seen in Fig.4, the energy monotonously increases
with increasing a. To understand this feature, let us
closely examine the spatial variations of the order param-
eter components in the lower figures of Fig.3. These two
4FIG. 3: Order parameter components Aµ,j (or −iAµ,j) close
to the center of the o-vortex(upper-left), the v-vortex (upper-
right), and the double-core vortex (lower two figures) in the
bulk superfluid 3He. In the double-core vortex, the two half
cores separated along the x-axis are present, and the lower
left (lower right) figure expresses the x-dependence at y = 0
(y-dependence at x = 0) of the order parameter components.
The spin index µ of the order parameter is classified by the
line type, while the orbital index j is distinguished by the
color. That is, µ = x (solid line), = y (dashed curve), and
= z (dotted curve), while j = x (red), = y (green), and = z
(blue). Further, in the figures, Axz, Azx, and all of the di-
agonal components As,s are real, while other components are
purely imaginary and represented as −iAµ,j . These prescrip-
tions for describing Aµ,j components are commonly used in
all figures hereafter.
FIG. 4: The a-dependence of the normalized vortex energy
F˜ (a˜) = F (a˜)−Fv
Fo−Fv
in the case of the bulk liquid, where Fv (Fo)
is the vortex energy of the v-vortex (o-vortex) given in the
upper right (upper left) figure of Fig.3, and F (a˜) is the corre-
sponding one of the double-core vortex with the normalized
distance between the half cores a˜.
figures show that each of the diagonal components Aj,j
approaches unity far from the vortex center but vanishes
close to the origin x = y = 0, and that Azy = −Ayz = 1
close to the origin. Roughly speaking, this feature can be
regarded as appearance of a planar phase’s string close
to the center and coincides with the representation (11).
Therefore, the monotonic increase of the energy with a
FIG. 5: Order parameters’ spatial variations of the o-vortex
(upper) and v-vortex (lower) near each core at temperatures
T = 1(mK) (left), 10(µK) (middle), 0.1(µK) (right) on the
Tc(P ) curve in the impure case. The parameter τ is fixed
to the value (2piτ )−1 = 0.137(mK). Definitions of the order
parameter components are the same as in Fig.3.
FIG. 6: Spatial variations of the magnetization arising from
the β-phase components −iAxz and Ayz shown in the lower
figures in Fig.5, expressing the v-vortex in the impure case.
FIG. 7: Order parameters’ spatial variations of the double-
core vortex at the temperatures T = 1(mK) (left), 10(µK)
(middle), and 0.1(µK) (right) in the impure case correspond-
ing to the lower figures of Fig.3 in the pure case. The center
of the vortex core is at the origin (0, 0). The order parame-
ter components are defined in the same manner as in Fig.3.
The upper figures express their variations parallel to the x-
direction along which the half core pair is connected by a
planar string, while the lower ones express their vertical vari-
ations parallel to the y-axis. The optimal a˜-value of each
figure is found from Figs.8 and 9.
5FIG. 8: Variations of the averaged amplitude
∑
µ,j
|Aµ,j |
2
in the 2D (x-y) plane near the double-core vortex at the
three temperatures T = 1(mK) (left), 10(µK) (middle), and
0.1(µK) (right). The a˜ value grows with decreasing tempera-
ture.
FIG. 9: Normalized energy curves F˜ (a˜) v.s. a˜ of the double-
core vortices at T = 1(mK) (left),10(µK) (middle), and
0.1(µK) (right).
in Fig.4 is interpreted as a reflection of the tension of the
planar string increasing with a which occurs through a
cost of the condensation energy.
At this time, the same analysis has been performed in
the impure (τ−1 > 0) case corresponding to 3He in a glob-
ally isotropic aerogel. Qualitatively, the results on the
relative stability of the three vortices, the o-vortex, the v-
vortex, and the double-core one, remain unchanged. For
instance, the v-vortex is more stable than the o-vortex,
and the most stable vortex becomes the double-core vor-
tex with some a-value. First, let us briefly explain how
the core structure of the v-vortex to be realized at higher
pressures is changed by the impurity scatterings with de-
creasing the temperature. The results corresponding to
the upper figures in Fig.3, that is the structures of the
o-vortex and v-vortex in the B-phase in an isotropic aero-
gel, are shown in Fig.5. As the temperature is lowered,
the β-phase component of the order parameter is reduced
at the core and becomes maximum rather at a position
shifted from the center. As presented in Fig.6, this effect
of the impurity scattering is more clearly seen in the spa-
tial distribution of the magnetization accompanying the
β-phase component close to the vortex core. That is, at
the vortex center, the spatial distribution of the magne-
tization shows not a maximum but a local minimum as a
result of the impurity-scattering induced reduction of the
β-phase components as the temperature is significantly
lowered.
Next, we will turn to the double-core vortex and will
examine how the core structure of this vortex is changed
when the temperature is lowered along the Tc(P )-line.
Hereafter, the parameter τ is fixed to the value (2piτ)−1 =
0.137(mK). The order parameter configurations at T =
1(mK), 10(µK), and 0.1(µK) and at the aˆ values min-
imizing the energy are shown in Fig.7. As Figs.8 and
9 show, the resulting a˜-value minimizing the energy at
each temperature remarkably increases with decreasing
the temperature along the Tc(P )-curve.
To explain the increase of the size of a half-core pair,
the order parameter close to the two half cores will be
expressed, following Ref.[9], in the ”London” represen-
tation defined by eq.(11) Then, by substituting this ex-
pression into the two gradient terms, the energy gain of
a half-core pair relative to that of the o-vortex expressed
by Aµ,j = exp(iΦ(0))[xˆµxˆj + yˆµyˆj + zˆµzˆj ] becomes
∆F (a) = −pi
2
(2K1 +K2)ln
(
2a
ξc
)
, (14)
where ξc is the core size of each half core. The optimal
a-value is determined by balancing ∆F (a) with the en-
ergy of a planar string connecting the two half-cores with
each other which, as already mentioned, is proportional
to a and is determined by the amplitude change of Az,z.
Thus, the optimal a is linearly proportional to K1. In
fact, as the lower three figures of Fig.7 show, the y-value
over which Azz vanishes is not sensitive to the cooling. It
implies that the formation of the planar string is deter-
mined by the bulk terms of the free energy unrelated to
the coefficient K1 so that the above estimation a˜ ∝ K1
will be justified.
The impurity-induced enhancement of the anisotropy
of the core structure of the double-core vortex clarified in
Figs.8 and 9 should be distinguished from the increase of
the anisotropy induced by the correlation [7]. To stress
this point, let us briefly explain how the Fermi-liquid
(FL) correction term derived in Ref.[8] within the GL
framework leads to an increase of the separation between
the two half cores. The FL corrections occurring through
the self energy term of the quasiparticle Green’s function
may be assumed to have already been incorporated in the
weak-coupling contribution. In Ref.[8], it has been clari-
fied how the remaining FL correction to occur only in the
gradient terms appears via a simple extention of the mi-
croscopic derivation of the GL functional. Here, we focus
on a rough estimation of the resulting FL-corrected con-
tribution to eq.(14). It can be accomplished by applying
the ”London” representation (11) of the order parameter
to eq.(A17) in Ref.[8]. Then, as the term to be added to
eq.(14), we obtain
− 1.5× 10
−3
pi
N(0)[ψ(2)(y)]2Γs1
(
vF
2piT
|∆|2
T
)2
ln
(
2a
rc
)
,
(15)
where Γ1 = F1s/(1 + F1s/3) with the Landau parameter
F1s (≥ 0). In obtaining eq.(15), the impurity scattering-
induced vertex correction to the FL-corrected term was
neglected because such a vertex correction results only in
higher order terms in the gradient. Although this term,
eq.(15), is of the same sign as that of eq.(14) and leads
6to an additional increase of the coefficient K1, it is of a
higher order in |∆|2 and thus, is negligibly small in the
close vicinity of the Tc(P ) curve, where |∆| is the ampli-
tude of the order parameter in the bulk liquid with no
vortices. Therefore, as far as one focuses on the close
vicinity of the Tc(P )-curve, this correlation-induced in-
crease of the separation between the half cores may be
neglected.
IV. SUMMARY
In the present work, stability of the vortices in the B-
phase of superfluid 3He in globally isotropic aerogel has
been examined. First, it has been pointed out that the
impurity-scatterings due to the aerogel structure should
lead to a |lnT |-growth of the coefficient of one type of the
gradient term. This growth of one rigidity upon cooling
does not affect the relative stability of the three types
of vortices found in the bulk superfluid, while it signif-
icantly changes the characters of the two vortices to be
experimentally realized. First, the spatial distribution
of the core magnetization appearing in the axisymmet-
ric v-vortex is qualitatively changed as the temperature
is lowered along the Tc(P )-curve, i.e., as the pressure P
is lowered. However, it is unclear whether this result
is observable because the strong-coupling corrections in
the coefficients of the GL-quartic terms, which are neces-
sary in describing events at higher pressures where the v-
vortex really occurs, were neglected in the present work.
As an event to be observable in the weak coupling
approximation used here, we have pointed out that the
impurity-scattering induced growth of one rigidity upon
cooling enhances the anisotropy of the core structure of
the double-core vortex to be realized at lower pressures.
That is, the spacing between the half-cores grows as the
pressure P is lowered along the Tc(P )-line. Such a growth
of the vortex core anisotropy has also been pointed out
as a consequence of the Fermi liquid correction [7]. In the
case, as the half-cores are sufficiently separated from each
other, and the Landau-Zener tunnelling between the two
quasiparticle spectra near the double-core vortex center
consequently increases, the spectrum of the low energy
Fermi excitation around a double-core vortex changes to
two localized ones at the half cores, and the resulting
splitting of the quasiparticle spectra is reflected as the
appearance of a slow mode of the rotational dynamics
of a vortex. This mechanism changing the vortex dy-
namics is based largely on the increase of the separa-
tion between the half cores and hence, in the B phase
in globally isotropic aerogels, is expected to be seen, ac-
cording to the enhancement of the core anisotropy found
in the present work, even with decreasing the pressure.
In the case of the bulk liquid, application of a magnetic
field perpendicular to the vortex axis tends to change
the double-core vortex to the v-vortex [12]. On the other
hand, in isotropic aerogels, such a growth of the vortex
core anisotropy upon cooling occurs in the weak coupling
regime where the v-vortex is much higher in energy than
the double-core vortex. Hence, application of a mag-
netic field in this case may not lead to realization of the
v-vortex. In this manner, the two mechanisms of the
growth of the core anisotropy in the double-core vortex
may be distinguished experimentally in isotropic aero-
gels.
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